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The renormalization theorem states
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with finite Gz, INn terms of the renormalized parameters.
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Leading order Z, = 1 in the graph, in the MS scheme then

Z,=1-— (g(;if)d 951 ..., Sy=2x%2/(2m)0(d/2).

I'rov = _VZI/p2 +




Introduce a scaling parameter . in the connection between
renormalized and unrenormalized (bare) parameters:

vy = Uiy, go1 = Dowo_?’ = gz, "

Powerlike d; Is not renormalized, g; from connection
between gy, and Dy;.
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Introduce a scaling parameter . in the connection between
renormalized and unrenormalized (bare) parameters:

vy = Uiy, go1 = D01V0_3 = gz, "

Powerlike d; Is not renormalized, g; from connection
between go; and Dy;.

Bare quantities independent of ;.: the homogeneous RG
equation. For the pair correlation function, for instance,

[:ua,u + 61891 T fyl/VaV] G = 07 T = :ua,u‘oln ZI/ 9 51 — ,Ua,u‘ogl
where derivatives taken with bare parameters fixed and
/ dr exp [i(k - )] (0 (£, % + T)om (£, X)) = P ()G (k)




RG solution for the velocity correlation function:

G(k) = V*E* R (5,91, T) = ?k*7 IR (1,g1, T) .
poo k




RG solution for the velocity correlation function:

G(k) = V*E* R (E,gl, T) = ?k*7 IR (1,g1, T) .
poo k

Invariant (running) parameters g, (u/k, g1), v(u/k, g1): first
Integrals of the RG equation, e.g.
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RG solution for the velocity correlation function:

G(k) = 2 k2R (E,gl, T) — 2k274R (1,g1, T) |
poo k

Invariant (running) parameters g, (u/k, g1), v(u/k, g1): first
Integrals of the RG equation, e.g.

o1 = B, g1(1,91) = g1.

Connection between ¢; and v yields the expression:

B1(g1,€) = g1 [—2e + 37(g1)] -




In one-loop approximation in the MS scheme
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From the solution of the RG equation for g, it follows that
there is a physical (¢; > 0) IR-attractive fixed point for £ > 0:

g1 = 8(d+2)e /3(d —1)Sq,  B(g1+) =0, F'(g1s) =2 >0.




In one-loop approximation in the MS scheme
W =(d=1)Sqgg1/4(d+2), b1 = g1 [—2c +3(d — 1)Sg91/4(d + 2)] .

From the solution of the RG equation for g, it follows that
there is a physical (¢; > 0) IR-attractive fixed point for £ > 0:

g1« = 8(d+2)e /3(d — 1)Sq, B(g1x) =0, F'(g91+) =2¢>0.
The value of ~, at the fixed point is found exactly:
T = Wwlgs) = 2¢/3,

without corrections of order <2, 3 etc.




For £ > 0 3 an IR-stable fixed point. §; — g1. x &.
Asymptotics of functions 1 near this fixed point are
generalized homogeneous functions
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Here, A, and Ag are critical dimensions of w and ¢ = {v,v'}.
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Here, A, and Ag are critical dimensions of w and ¢ = {v,v'}.
They are all expressed through +* = ~,(g«):

Ay=1—7,, Apy=d-—A7A,, A,=2-7,.
Due to Galilel invariance, basic critical dimensions are exact:
Ay=1-2¢/3, A,=2-2¢/3.

Scaling for Green functions with separated arguments!
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IR fixed point yields large-scale limit (k — 0, u = m/k =const)

G(k) ~ (DlO/gl*)2/3 k2_d_48/3R(17 91, U) 9 1 y 1%, U Z éﬂR




IR fixed point yields large-scale limit (k — 0, u = m/k =const)
G(k) ~ (DlO/gl*)2/3k2_d_4€/3R(1vgl*7u) 9 1 y 1%, U ZgnR

Translate into traditional variables:; trade Dy for the mean
energy injection rate £ (2 > ¢ > 0):

2 —¢) A%E—4E
Sg(d—1)

i /dkdf(k) — Dip = 4

2(2m) A= E) T




Large-scale scaling in terms of € and v for 2 > ¢ > 0:

— 2/3 9_-—=¢/3

G(k) ~ |42 —¢€)/Sa(d = 1)g1] " 157 % E k27913 R(1, gra, ).
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Yields Kolmogorov scaling, when ¢ — 2 (IR pumping).
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Large-scale scaling in terms of € and v for 2 > ¢ > 0:

G(k) ~ [4(2 =€) /Su(d — )gr.] " =€

kQ_d_4€/3R(1, Ols, ’LL) .
Yields Kolmogorov scaling, when ¢ — 2 (IR pumping).

Freezing of scaling dimensions for £ > 2 [Adzhemyan, Antonov
& Vasil’'ev (1989)]. D1y acquires scale dependence through

Diog=4(e —2)m**E/Sy(d—1), m=1/L.
Yields independence of 1y, Kolmogorov exponents V ¢ > 2:
G(k) ~ [4(e — 2)/Sa(d — 1)g1.] "> k12342 29BR(1 g1, u).

Analysis of the inertial-range limit « = m/k — 0 beyond RG.
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The limit u = m/k — 0 beyond RG. To collect terms elnu ~ 1,
use operator-product expansion for composite operators I

Fy(t,x1) Fa (t, x2) Zc X1 — X2)Fo [(x1 +%x2)/2,1] .

C,, analytic in (mr)?: singularities due to dangerous
operators (F,(x)) oc m~F= with Ap < 0.




The limit u = m/k — 0 beyond RG. To collect terms elnu ~ 1,
use operator-product expansion for composite operators I

Fy(t,x1) Fa (t, x2) Zc X1 — X2)Fo [(x1 +%x2)/2,1] .

C,, analytic in (mr)?: singularities due to dangerous
operators (F,(x)) oc m~F= with Ap < 0.

A composite operator is a (local) product of fields and their
derivatives, e.g. v", (Vo).




The limit u = m/k — 0 beyond RG. To collect terms elnu ~ 1,
use operator-product expansion for composite operators I
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C,, analytic in (mr)?: singularities due to dangerous
operators (F,(x)) oc m~F= with Ap < 0.

A composite operator is a (local) product of fields and their
derivatives, e.g. v", (Vo).

Composite operators give rise to new divergences: merging
points in coordinate space creates new loop integrals in the
wave-vector space.
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Statistical description of the turbulent flow by structure
functions of the velocity field
V- I

Sn(r) = ([v)(t,x+ ) =y (t,x)]") , v =—.

r
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Statistical description of the turbulent flow by structure
functions of the velocity field

Su(r) = ([oy(t.x+1) o (£2)]") . o= ==

.
Kolmogorov scaling (1941) in the inertial range:

Sn(r) ox Br)?, n<r<L.
Kolmogorov constant Cx and 2 (at d = 3) law

12
d(d+ 2

So(r) ~ Cr(Er)?3 ., S3(r) ~ — T
Anomalous scaling: exponents of S,, nonlinear in n.

B
%



Renormalization of composite operators on equal footing
with the renormalization of the dynamic action: add terms
corresponding to composite operators and calculate Iin the
linear order.
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UV-finite correlation functions, sum over renormalized
composite operators in the correlation function to obtain

R(1, g1s,u Zcp




Renormalization of composite operators on equal footing
with the renormalization of the dynamic action: add terms
corresponding to composite operators and calculate Iin the
linear order.

Composite operators mix under renormalization: to obtain
UV-finite correlation functions, sum over renormalized
composite operators in the correlation function to obtain

R(1, g1s,u Zcp

Dangerous operators not known for 0 < ¢ < 2: v — 0 safe!
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